Recently we have shown that it is possible to study the parton to hadron fragmentation function by using the lattice QCD method at the zero temperature. In this paper we extend this to the finite temperature QCD and study the parton to hadron fragmentation function from the quark-gluon plasma by using the lattice QCD method at the finite temperature.
plasma is reached at RHIC and LHC heavy-ion colliders.
It is well known that the quantum chromodynamics (QCD) is the fundamental theory of the nature describing the interaction between quarks and gluons [4] . Due to the asymptotic freedom the renormalized QCD coupling becomes weaker at the short distance [5] where the perturbative QCD (pQCD) is applicable. Hence at the high energy colliders the short distance partonic scattering cross section is calculated by using the pQCD. However, this partonic cross section cannot be directly experimentally measured because we have not directly experimentally observed quarks and gluons. By using the factorization theorem in QCD [6, 7] this partonic scattering cross section is convoluted with the parton distribution function (PDF) and with the fragmentation function (FF) to calculate the hadron production cross section at the high energy colliders which is experimentally measured.
Because of this reason the parton to hadron fragmentation function (FF) plays a key role at the high energy colliders. Note that the PDF and FF are extracted from the experiments because the analytical solution of the non-perturbative QCD is not known yet, i. e., the path integration in QCD cannot be done analytically due to the presence of the cubic and quartic gluonic field terms in the QCD lagrangian density (see section II for details).
For this reason the path integration in QCD is done numerically in the Euclidean time by using the lattice QCD method. Hence the lattice QCD method can study the hadron formation from the quarks and gluons [8] . Similarly the lattice QCD method can be employed to calculate the parton distribution function (PDF) inside the hadron [9] .
However, in the literature it is claimed that the parton to hadron fragmentation function (FF) cannot be studied by using the lattice QCD method because of the sum over the outgoing inclusive (unobserved) hadrons. But recently we have reported that since the hadron formation from the quarks and gluons can be studied in the lattice QCD method [8] , the parton to hadron fragmentation function (FF) can be studied in the lattice QCD method by using the LSZ reduction formula at the partonic level [10] .
As mentioned above since the quarks and gluons are not directly experimentally observed we cannot directly detect the quark-gluon plasma at RHIC and LHC. Due to this reason the indirect signatures are proposed for the quark-gluon plasma detection. The indirect hadronic signatures for the quark-gluon plasma detection at the RHIC and LHC heavy-ion colliders are: 1) jet quenching, 2) j/ψ suppression, and 3) strangeness enhancement.
Since we do not directly detect the quark-gluon plasma but we directly experimentally measure the hadrons at RHIC and LHC it is necessary to understand how the quarks and gluons from the quark-gluon plasma fragment to hadrons which are experimentally measured. Hence it is necessary to study the parton to hadron fragmentation function from the quark-gluon plasma from the first principle. The numerical lattice QCD method at the finite temperature QCD in the Euclidean time formulation is the first principle method to study the quark-gluon plasma at the finite temperature in the quantum field theory.
As discussed above we have recently studied the parton to hadron fragmentation function (FF) in the lattice QCD method at the zero temperature by using the LSZ reduction formula at the partonic level [10] . In this paper we extend this to the finite temperature QCD and study the parton to hadron fragmentation function (FF) from the quark-gluon plasma by using the lattice QCD method at the finite temperature.
The paper is organized as follows. In section II we discuss the parton to hadron fragmentation function (FF) by using the lattice QCD method at the zero temperature. In section III we study the partonic process at the finite temperature which is necessary to study the parton to hadron fragmentation function from quark-gluon plasma. In section IV we study the parton to hadron fragmentation function (FF) from the quark-gluon plasma by using the lattice QCD method at the finite temperature. Section V contains conclusions.
II. PARTON TO HADRON FRAGMENTATION FUNCTION BY USING THE LATTICE QCD METHOD AT THE ZERO TEMPERATURE
In order to study the hadron formation from quarks and gluons using lattice QCD method one chooses the partonic operator B H (x) such that it contains the same quantum numbers of the hadron H. In this paper we will consider the light quark q in the quark-gluon plasma at the finite temperature T to fragment to the heavy quarkonium η c [the 1 S 0 bound state hadron of the charm quark-antiquark pair cc], i. e., we will study the fragmentation function
where X represents the inclusive (unobserved) particle(s). The extension of this procedure to other partons and to other hadrons is straightforward.
The partonic operator B ηc (x) to form η c from cc is given by
where ψ c i (x) is the charm quark field with color index i = 1, 2, 3. In QCD in vacuum (i. e., without quark-gluon plasma) the non-perturbative correlation function <
where |0 > is the full QCD vacuum state or the non-perturbative QCD vacuum state (not the pQCD vacuum state), α is the gauge fixing parameter, H d (x) is the gauge fixing term
[which in covariant gauge is given by
is the light quark field of flavor f = 1, 2, 3=up, down, strange quarks. In eq. (3) the Z[0] is the generating functional in QCD given by
where
Note that in eqs. (3) and (4) we do not have any ghost fields because we directly work with the ghost determinant Det[
δω c ]. The color singlet heavy quarkonium η c formation from the charm quark and anticharm quark operator B ηc (x) in eq. (2) can be studied from the non-perturbative correlation function in eq. (3) by using the lattice QCD method at the zero temperature [8] . Since the η c formation from the quarks and gluons can be studied by using the lattice QCD method one finds that the parton to η c fragmentation function can be studied by using the lattice QCD method.
One finds that the q → η c fragmentation function D q→η c using the lattice QCD method at the zero temperature is given by [10] 
where (7) is the probability for light quark q to fragment to cc where λ is the helicity of the quark, the suppression of the time ordered product T index is understood and [8]
is the matrix element square for the formation of the hadron η c with momentum P from the charm quark-antiquark pair cc where τ is the Euclidean time (imaginary time).
In eq. (7) the N is the normalization factor as given by eq. (10) which arises because in the LSZ reduction formula the creation and annihilation operators are not dimensionless [11] . The inverse [G(x ′ , x ′′ )] −1 of the greens function G(x ′ , x ′′ ) in eq. (7) in the coordinate space is defined by
Note that the suppression of color indices in the n-point non-perturbative correlation functions is understood in this paper.
As mentioned above in the LSZ reduction formula the creation and annihilation operators are not dimensionless [11] . Hence the normalization factor N in eq. (7) is given by
and
The | < η c (P )|cc > | 2 in eq. (8) can be calculated by using the lattice QCD method in the Euclidean time [8] . Similarly the probability P q→cc for the light quark q to fragment to cc in eq. (7) can be calculated by using the lattice QCD method in Euclidean time because the non-perturbative correlation functions (12) the can be calculated by using the lattice QCD method in the Euclidean time [10] .
Since the | < η c (P )|cc > | 2 in eq. (8) and the P q→cc in eq. (7) can be calculated by using the lattice QCD method in Euclidean time one finds that the parton to hadron fragmentation function D q→η c (P ) in eq. (6) can be calculated by using lattice QCD method at the zero temperature in the Euclidean time.
III.
FRAGMENTATION FUNCTION AND LSZ REDUCTION FORMULA IN LATTICE QCD METHOD AT FINITE TEMPERATURE
Let us consider the partonic process q → cc + X, in finite temperature QCD.
Extending the LSZ reduction formula [12] from the QCD in vacuum [10] to finite temperature QCD we find that the transition amplitude < cc + X|q > in finite temperature QCD is given
where |in > is the non-perturbative ground state of the QCD at the finite temperature T , the ψ is the quark field of the light quark q, the ψ c is the heavy (charm) quark field, R stands for renormalized quantities and the suppression of the time ordered product T index is understood. In eq. (14)
where Z[0] is the generating functional in QCD at the finite temperature given by
which gives
where the normalization factor N T is given by eq. (21) and
In eq. (19) the normalization factor N T is given by [similar to N in eq. (10)]
which can be calculated by using the lattice QCD method at the finite temperature in the Euclidean time.
From eqs. (19) and (24) we find that the fragmentation function D q→η c for the light quark q from the quark-gluon plasma at the finite temperature to fragment to the heavy quarkonium η c is given by
where the probability P q→cc for the light quark q to fragment tocc in finite temperature QCD is given by eq. (19) and the | < η c (P )|cc > | 2 is the matrix element square for the formation of the heavy quarkonium η c from the cc as given by eq. (24).
Since the probability P q→cc for the light quark q to fragment tocc in finite temperature QCD in eq. (19) can be calculated by using the lattice QCD method at the finite temperature in the Euclidean time and the matrix element square | < η c (P )|cc > | 2 for the formation of the heavy quarkonium η c from the cc in eq. (24) can be calculated by using the lattice QCD method at the finite temperature in the Euclidean time we find that the fragmentation function D q→η c (P ) in eq. (26) for the light quark q from the quark-gluon plasma at the finite temperature T to fragment to η c with momentum P can be calculated by using the lattice QCD method at finite temperature in the Euclidean time.
V. CONCLUSIONS
Recently we have shown that it is possible to study the parton to hadron fragmentation function by using the lattice QCD method at the zero temperature. In this paper we have extended this to the finite temperature QCD and have studied the parton to hadron fragmentation function from the quark-gluon plasma by using the lattice QCD method at the finite temperature.
